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Abstract
We prove that, when G is a group equipped with a Baire and metrizable topology, if there is a
second category dense subset S of G such that the right translations ρs and ρs−1 are continuous for
all s ∈ S and each left translation λs , s ∈ G, is almost-continuous (defined below) on a residual subset
of G, then G is a topological group. Among other consequences, this yields that when G is a second
countable locally compact right topological group, its topological centre is a topological group.
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1. Introduction
A topological group consists of a group G equipped with a topology τ such that mul-
tiplication m(g,h) = gh and inverse operation j (g) = g−1 are both continuous mappings.
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group under less restrictive assumptions. In fact, there is much work devoted to finding
conditions on a group G (with a topology) yielding that G is a topological group. For ex-
ample, if G is Baire and metrizable as a topological space, one can deduce that G is a
topological group by asserting only that the group multiplication is separately continuous
(see [13]). Improving that result considerably, Solecki and Srivastava have proved in [13]
that if G is further assumed to be separable then G is a topological group if the left transla-
tions are continuous and the right translations have the property of Baire. To some extent,
the work of Solecki and Srivastava suppose a shift in the approach to the problem since,
most previous results were focussed on imposing less restrictive topological conditions on
a group G so that, when the group multiplication is separately continuous, then G is a topo-
logical group. The first result along this line was given by Montgomery [9] for groups that
are separable, completely metrizable spaces and their group multiplication is separately
continuous. Montgomery’s result was subsequently extended by Zelazko [15] to the non-
separable case for Abelian groups and Ta-Sun Wu [14] for groups that are second category,
separable and metrizable spaces. Another line of research concerns non-metrizable spaces.
Here the basic result is Ellis’ Theorem on locally compact spaces (see [3]). It is impossible
to quote all works appeared in connection to this question. We just mention the most recent
contributions [2,11,7,1].
In this note, we consider groups G equipped with a Baire metrizable topology τ . Along
the line initiated by Solecki and Srivastava, we are interested in finding weaker conditions
on the left and right translations that are still sufficient to characterize a group topology.
We prove that, when G is Baire and metrizable, if there is a second category dense subset
S of G such that the right translations ρs and ρs−1 are continuous for all s ∈ S and each left
translations λs , s ∈ G, is almost-continuous (defined below) on a residual subset of G, then
G is a topological group. Among other consequences, this yields that when G is a second
countable locally compact right topological group, its topological centre is a topological
group.
We now recall some basic definitions. If G is a group, then for each s ∈ G the maps
ρs :G → G, defined by ρs(g) = gs, and λs :G → G, defined by λs(g) = sg, are called
right and left multiplication map, respectively. We define G to be a right (left) topological
group if the mapping ρs (λs ) is continuous for each s ∈ G.
A subset A of a topological space X is nowhere dense in X (rare) if and only if the
interior of the closure of A is void. The set A is of the first category in X if and only if
A is the countable union of sets each of which is nowhere dense in X, and A is of second
category if and only if it is not of the first category. The set A is said to be residual in
X if and only if X \ A is of the first category in X. A topological space X is called a
Baire space if no subset of first category in X has interior points. A mapping f is called
residually continuous when there exists a subset I ⊂ X of first category such that f|X\I is
continuous (see [5]). We say that a group G is right topological when the right translations
are continuous. The topological centre Λ of a right topological group G is defined by
Λ = {s ∈ G: λs is continuous}. Here on, the symbol 1 denotes the neutral element of the
group G.
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Firstly, we introduce a basic notion of this paper. It is a weaker version of the concept
of quasi-continuity that apparently goes back to Volterra and it is also related to the notion
of fragmented map given by Megrelishvili (see [4,11,8]).
A function f :X → Y is called almost-continuous if, for each non-empty open subset
V of Y , it holds that f−1(V ) contains a non-empty open subset of X.
We now state the main results of this paper.
Theorem 1. Let G be a group, which is a Baire metrizable space. Suppose that there is
a dense subset S of second category in G such that the right translations ρs and ρs−1 are
continuous for all s ∈ S. Suppose further that, for each s ∈ G, there is a residual subset Rs
of G such that the left translation λs is almost-continuous on Rs , λs(Rs) is residual, and
λs−1 is almost-continuous on λs(Rs). Then G is a topological group.
The proof of Theorem 1 is based in part on the nice properties of almost-continuous
functions when they are defined on a Baire space.
Lemma 2. Let X be a Baire space and f :X → Y an almost-continuous mapping into
a topological space Y . Then, for each open subset U of Y , the set f−1(U) is of second
category in X.
Proof. The set f−1(U) has non-empty interior in X, which is Baire. Hence, it is of second
category in X. 
Lemma 3. Let X and Y be Baire spaces and let f :X → Y be a bijection such that f
and f−1 are both almost-continuous. If S is a residual subset of X, then f (S) is a residual
subset of Y .
Proof. It suffices to prove that if U is a dense open subset of X then f (U) contains a
residual set. Take T = intY f (U). We verify that T is a dense open subset of Y . Indeed,
consider an arbitrary open subset W of Y . The subset f−1(W) contains a non-empty open
subset V of X. Thus, we have V ∩ U = ∅ and, as a consequence, f (V ∩ U) contains a
non-empty open subset O of Y . This yields O ⊂ f (U) ∩ W , which implies O ⊂ T ∩ W .
Hence, T is dense in Y . 
Lemma 4. Let X and Y be Baire spaces and let f :X → Y be a bijection such that f and
f−1 are both almost-continuous. If A is a first category subset of X, then f (A) is a first
category subset of Y .
Proof. The set X \A is residual, so f (X \A) = Y \ f (A) is residual as well. 
Now, suppose that G is a Baire metrizable group and assume that the hypotheses of
Theorem 1 are satisfied. Applying Lemma 4 to the spaces Rs , λs(Rs) and the bijection λs ,
with s ∈ G, we obtain.
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subset of G, then λs(A) is of first category for all s ∈ G.
Next lemma is similar to the one given by Megrelishvili in [8, Lemma 3.2(d)].
Lemma 6. Let X and Y be Baire metrizable spaces and let f :X → Y be a bijection such
that f and f−1 are both almost-continuous. Then, there is a residual subset D of X such
that f is continuous at all points of D.
Proof. Given an arbitrary positive real number , set O = ⋃{O ⊂ X: O is open and
diam(f (O)) < }. Here, the diameter of a set is taken with respect to a metric d , which
is compatible with the topology of X. Now, the set O is open by definition and we shall
verify that it is also dense in X. Indeed, let U be an arbitrary open subset of X. We know
that f (U) has non-empty interior in Y , therefore, we can find a non-empty open subset
V ⊂ f (U) such that diam(V ) < . That is to say, f−1(V ) is contained in U and contains
a non-empty open subset O . Hence, O ⊂ U and f (O) ⊂ V . This yields diam(f (O)) < ,
which implies that O ⊂ U ∩ O . Defining D =⋂n<ω O1/n, we obtain a residual set such
that f is continuous at all the points of D. 
Now, suppose that G is a Baire metrizable group and assume that the hypotheses of
Theorem 1 hold. Applying Lemma 6 to the spaces Rs , λs(Rs) and the bijection λs , with
s ∈ G, we obtain.
Lemma 7. Assuming the hypotheses of Theorem 1. For each s in G, there is a residual
subset Ds of G such that λs is continuous on Ds .
In some cases almost-continuity yields continuity for Baire metrizable groups.
Lemma 8. Let G be a group with a Baire metrizable topology in which the set of continuity
points of each left translation λs is residual in G, for all s ∈ G. Assume that H is a sub-
group of G such that, for all s ∈ H , the subset λs(A) is of first category in G if and only if
A is of first category in G. Suppose further that there is a subset S of second category in
G such that the right translations ρs and ρs−1 are continuous for all s ∈ S. Then the left
translations λs , s ∈ G, are continuous on H .
Proof. By hypothesis, given any arbitrary, but fixed, element s ∈ G, there is a residual
subset Ds of G such that λs is continuous on it. Set I = G \ Ds , which is a set of first
category. For any point x in H , let {xn} be a sequence in H converging to x. We define
In = λx−1n (I ), n = 1,2, . . . , I0 = λx−1(I ) and J =
⋃∞
n=0 In ∪ I , which is of first category
as well. Since S is of second category, there must exist a point y ∈ S ∩ (G \ J ). Hence,
the right translations ρy and ρy−1 are continuous on G. This yields the convergence of
{ρy(xn)} to ρy(x). On the other hand, observe that ρy(x) ∈ Ds and ρy(xn) ∈ Ds for all
n < ω. Since λs is continuous on Ds , it follows that {λs(ρy(xn))} converges to λs(ρy(x)).
Finally, the continuity of ρy−1 implies that {λs(xn)} converges to λs(x), which completes
the proof. 
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Lemma 9. Assuming the hypotheses of Theorem 1, left translations λs are continuous on
G for all s ∈ G.
We shall use later on a classical results of Osgood about pointwise convergent sequences
of continuous functions (see [6, p. 86]).
Theorem 10 ((Osgood)). If {fn} is a sequence of continuous functions on a topological
space X into a pseudo-metric space (Y, d), and if the sequence {fn} converges pointwise
to a function f on X to Y , then {fn} is equicontinuous at the points of a residual subset
of X.
Osgood’s Theorem implies the following corollary that is just a variant of another clas-
sical result of Baire (see [10, Theorem I.4]).
Corollary 11 ((Baire)). If X is a Baire space, Y is a metric space, and f :X → Y is a
pointwise limit of a sequence of continuous functions, then f is continuous at the points of
a residual subset of X.
Lemma 12. Assuming the hypotheses of Theorem 1, right translations ρs are continuous
on G for all s ∈ G.
Proof. Take an arbitrary element s in G. By hypothesis, there is a sequence {sn} in S
converging to s in G. Then {ρsn} converges to ρs pointwise on G. Applying Corollary 11,
it follows that ρs is continuous at some point g ∈ G. Since, by Lemma 9, left translations
are continuous on G, it follows that ρs is continuous at every point of G and the proof is
done. 
Remark 13. We have verified at this point that, under the assumptions of Theorem 1, the
group multiplication m is separately continuous on G. What rests now to prove Theorem 1
is known. Indeed, when G is a group with a metrizable Baire topology and the group
multiplication is separately continuous then G is a topological group. This result is due to
Reznichenko (see the footnote in [13, p. 66]). We refer here to [7,1] for the proof of this
fact.
Proof of Theorem 1. The proof of Theorem 1 is a consequence of Lemmas 9 and 12, and
Remark 13. 
Theorem 1 implies the following results.
Corollary 14. Let G be a group, which is a Baire metrizable space. Suppose that there is
a dense subset S of second category in G such that the right translations ρs and ρs−1 are
continuous for all s ∈ S. Suppose further that the left translations λs are almost-continuous
on G for all s ∈ G. Then G is a topological group.
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property of Baire (see [13]) if and only if f is continuous on a residual subset of X. Thus,
next result is a variation of the one given by Solecki and Srivastava for second countable
spaces in [13].
Corollary 15. Let G be a group, which is a Baire metrizable space. Suppose that the right
translations ρs are continuous for all s ∈ G. Suppose further that there is a dense subset S
of second category in G with the property that, for each s ∈ S, there is a residual subset,
Rs , of G such that the left translation λs is almost-continuous on Rs , λs(Rs) is residual,
and λs−1 is almost-continuous on λs(Rs). Then G is a topological group.
Proof. Since λst (g) = (λs ◦ λt )(g) for all s, t ∈ S and g ∈ G. It is readily seen that λs is
almost-continuous for all s belonging to the subgroup, 〈S〉, generated by S. In other words,
we may assume w.l.o.g. that S is a dense subgroup of G. By Theorem 1, it follows that the
group multiplication is separately continuous on S. Now, take an arbitrary element s in G.
By hypothesis, there is a sequence {sn} in S converging to s ∈ G. Then {λsn} converges
pointwise to λs on G. Applying Corollary 11, it follows that λs is continuous at some
point g ∈ G. Since G is a right topological group, we have that λs is continuous at every
point of G. Thus, s ∈ Λ and the proof is done. 
The proof of Corollary 15 may be adapted, without difficulty, to the following one.
Corollary 16. Let X be a Baire metrizable right topological semigroup. Suppose that there
is a dense subset S of second category in X, consisting of invertible elements, with the prop-
erty that, for each s ∈ S, there is a residual subset, Rs , of X such that the left translation λs
is almost-continuous, λs(Rs) is residual, and λs−1 is almost-continuous on λs(Rs). Then
I (X), the set of invertible elements of X, is a topological group.
The methods introduced in this paper allow us to prove a variation of a result by Ruppert
about the topological centre of a second countable locally compact right topological group
(see [12]).
Corollary 17. Let G be a right topological group, which is second countable and locally
compact. Then its topological centre Λ is a topological group.
Proof. Using Osgood’s theorem (see Theorem 10) and the continuity of right translations,
it is readily verified that Λ is closed in G. On the other hand, suppose that g ∈ Λ. We
have that λg :G → G is continuous and one-to-one. Now, for every compact neighborhood
U ⊂ G, of the neutral element, by the continuity of the right translations, we have that Ux
is a neighborhood of x for all x in G. Since the subspace G is separable, there is a sequence
{xn: n ∈N} in G such that G =⋃n∈NUxn. Hence, G =
⋃
n∈N gUxn, which is a countable
union of compact subsets of G. Since G is Baire, there is some n0 ∈N such that gUxn0 has
non-empty interior. Which implies that gU has non-empty interior as well. Now, we have
assumed U to be an arbitrary compact neighborhood of the neutral element, therefore, we
obtain that λg−1 is almost continuous. Using Lemma 6, we deduce that λg−1 is continuous
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the continuity of λg−1 on G. This clearly implies that Λ is a subgroup of G that is closed
as a topological subspace, therefore, is a Baire metrizable space. Applying Theorem 1, we
obtain that Λ is a topological group. 
Remark 18. The hypothesis of G being a Baire space is essential through this note. Indeed,
if we take G to be (Q,+) with the topology having the base {[a, b): a, b ∈Q and a < b}.
Then G is a second countable space whose group multiplication is separately continuous.
Nevertheless, G is not a topological group since the inverse mapping is not continuous.
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